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Abstract. Let k : E x E ^ [0, oo) be a non-negative measurable function on some 
locally compact separable metric space E. We provide some simple conditions such 
that the quadratic form with jump kernel k becomes a regular lower bounded (non- 
local, non-symmetric) semi-Dirichlet form. HE — R" we identify the generator of 
the semi-Dirichlet form and its (formal) adjoint. In particular, we obtain a closed 
expression of the adjoint of the stable-like generator — (— A)"'^' in the sense of Bass. 
Our results complement a recent paper by Fukushima and Uemura [3] and establishes 
the relation of these results with the symmetric principal value (SPV) approach due 
to Zhi-ming Ma and co-authors [5]. 
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Let {E, d, m) be a locally compact separable metric measure space. The reference 
measure m is a Radon measure with full topological support. Recently, Fukushima and 
Uemura [3] were able to construct a regular lower bounded semi-Dirichlet form and the 
corresponding jump-type Hunt process for a given jump kernel k{x, y). One of the key 
ingredients in their construction are conditions that ensure that the symmetric part of 
the kernel, ks, dominates the totally anti-symmetric part, ka, where 

1 1 

ks{x,y) := -{k{x,y) + k{y,x)) and ka{x,y) := -{k{x,y) - k{y,x)). 

For the readers' convenience let us briefly recall these assumptions, see [3, (2.1)-(2.4), 
Section 2], 

(AO) x^ I {lAd{x,yf)ks{x,y)m{dy)eLl,{E,m), 

(Al) Ci := sup / \ka{x,y)\m{dy) < oo, 

xeE Jd{x,y)^l 

(A2) C2 := sup / \ka{x,y)\'^ ■m{dy) < 00 for some 7G(0,1], 

xeE Jd{x,y)<l 

(A3) C3 := sup l^-i^'^y^l^ ^ < 00 for 7 from (A2). 

x,y£E,0<d{x,y)(il ks{x,y) 
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In this short note we will simplify and generalize these conditions, li E = we will 
also show that the generator of the form and its formal adjoint is given by a symmetric 
Cauchy principal value integral (SPV) in the sense of Ma et al. [5]. This is motivated 
by and improves more recent development on non-local Dirichlet forms and Levy type 
operators, e.g. [8, 3]. 

1. Lower Bounded Semi-Dirichlet Forms 

Let {E, d, m) be a locally compact separable metric measure space equipped with 
a Radon measure m, and k{x, y) be a non-negative Borel measurable function on the 
space E X E \ A, where A denotes the diagonal {{x,x) : x G E} in E x E. The inner 
product and the norm in L'^{E,m) are denoted by (-,■) and || ■ \\l2, respectively. As 
before, denote by ks and ka the symmetric and totally anti-symmetric parts of k. Let 
C^'^{E) be the space of uniformly Lipschitz continuous functions on E with compact 
support. Throughout this section, we will assume (AO). 

A (not necessarily symmetric) bilinear form {(o,^), ^ C L'^{E,'m), is a lower 
bounded Dirichlet form if the following conditions are satisfied. For some 7 > 

i) S'iu.u) ^ — 7(m,m) for all u G 

ii) S{u,v) ^ c\/ ^[u,u) + ^{u,u)\J ^{v.v) + 7(f,f) for all G 

iii) (t^, i^(-, ■) + 7(-, ■)) is a complete subspace of L'^{E, m); 

iv) A M V 1 G =^ for all M G ^ and £'{0 AmV1,m-0AmV1)^0. 

For further details we refer to [3, Section 1] and the references therein. 
For each n & N, we define the operator LnU for u G Cq^^{E) by 

Lnu{x) := {u{y) - u{x))k{x,y)m{dy), x e E, 

J{yeE : d{x,y)>l/n} 

and the quadratic form rin{u, v) for u, v G Cq^^{E) by 

rin{u,v) := —{LnU,v) = — / Lnu{x)v{x) m{dx). 

J E 

Due to (AO), all integrals appearing in the definition of L„ and //„ are absolutely con- 
vergent. Finally, set 



(g{u,v)= // {u{x) -u{y)){v{x) -v{y))ks{x,y)m{dx)m{dy), 

J JyjLx 

= |n G L'^{E,m) : u is Borel measurable and S'{u,u) < oo|. 

The condition (AO) ensures that [S',^^) is a symmetric Dirichlet form on L'^{E,m), 
and contains the space Co'^{E). As usual, ^1 (m, u) = <S{u^ u) + ||m||^2, and we write 
for the (fi-closure of Cl'^{E) in In particular, (cf , ^°) is a regular symmetric 
Dirichlet form on L'^{E,m), cf. [4, Example L2.4]. 

Our main result is the following simple condition which guarantees that the limit of 
the forms rin{u,v), n — t- 00 exists, and defines a regular lower bounded semi-Dirichlet 
form. This generalizes and simplifies the earlier result by Fukushima and Uemura [3, 
Proposition 1 and Theorem 1]. 
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Theorem 1.1. Assume that (AO) is satisfied and that 

(1.1) sup [ ^^^^^^p^^X- rn{dy) < oo 



holds. Then we have the following two statements. 

(i) For all u,v E Cq^'^^E), the limit r]{u,v) = lirrin^oo Vn{u,v) exists. The form r]{u,v) 
has the following integral representation 

(1.2) r]{u,v) = ^S'{u,v) + [ [ {u{x) -u{y))v{y)ka{x,y)m{dx)m{dy), 

^ J Jy^x 

where the integral on the right hand side of (1.2) is absolutely convergent. 

(ii) The form rj extends from C^^^{E) x Cq^^{E) to x such that the pair (rj, ,^^) 
is a regular lower bounded semi-Dirichlet form on L'^{E,m). 

Let us briefly show that the conditions imposed by Fukushima and Uemura are 
stronger than (1.1). Indeed, if (Al)-(A3) hold, then we find for x & E, 

ka{x, yY / , N, 
m[dy) 



ks{x,y)jtO ks{x,y) 

^ f, . \ka{x, y) \ — \kJx,y)\"' m(dy) + [ ks(x,y) m(dy) 

ks{x,y)jiO ^ 

^{ sup — J> / \ka{x,y)\'' m{dy) + I ks{x,y) m{dy) 

d{x,y)^l, '^s[X,y) I Jd(x,y)!il Jd{x,y)>l 
. ks{x,y)j^O 

In the first inequality we have used that \ka{x,y)\ ^ ks{x,y). 

Sketch of the proof of Theorem 1.1. From the definition of rj^ we find for all u,v ^ 
C^'^{E) that 

rin{u,v) = ^S'n{u,v) + jl {u{x) - u{y))v {y)ka{x , y) m{dx) m{dy) , 

^ JJd{x,y)^l/n 

where 

S'n{u,v) = jj {u{x) -u{y)){v{x) -v{y))ks{x,y)m{dx)m{dy). 

J Jd{x,y)^l/n 

Because of (AO), (S'niu.v) converges to S'{u,v) as n — )■ cxo. 

To see the convergence of the non-symmetric part we set for x G -E" 



h{x) := I k^i^^yy jni^dy). 

,{,x,y)^0 ks{x,y) 
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An application of the Cauchy-Schwarz inequality and (1.1) show 

\u{x) - u{y)\\v{y)\\ka{x,y) \ m{dx) m{dy) 



\u{x) - u{;y)\k,{x,yf''^ ^ \v{y)\\ka{x,y)\k,{x,y) ^^"^ m{dx) m{dy) 



d{x,y)'^l/n 



d{x,y)^l/n, 



{u{x) — u{y)Yks{x, y) m{dx) m(dy) 



d{x,y)^l/n 



X 



v{y) 



d(x,y)^l/n, 
ks{x,y)ytO 



ksix,y) 



m{dx) m{dy) 



1/2 



v'^{y)h{y)^{dy) 



1/2 



1/2 



L2- 



This shows that the expression 



- u{y))v{y)ka{x, y) m{dx) m{dy) 

^ d{x,y)^l/n 

converges absolutely as n — t- oo and (i) follows. In order to see (ii), we use (i) and the 
argument used in the proof of [3, Theorem 2]. □ 

If the semi-Dirichlet form ?7(u, v) is given by (1.2), it is, in general, difficult to find a 
closed expression for its generator L. Recall that L satisfies for any u,v & Cq^^{E) 

rj{u, v) = —{Lu, v). 

In the present situation this is possible if we assume that 



:i.3) 

Let 



/ 

Jo- 



d{x, y)\ka{x, y)\ m{dy) < oc, xeE. 



0<d(x,y)^l 



C*{E) = |m G Co (^) : SPV j [u{y) - u{x))ks{x,y)m{dy) existsj, 

where SPV / ■ ■ ■ dm means the symmetric Cauchy principle value in the sense of [5, 
Definition 2.5], i.e. for any increasing sequence {Aj)j(z^ of relatively compact and sym- 
metric sets Aj G E X E such that IJ^^jf^ Aj = E x E \ A, the limit 



lim / (u{y) - u{x))ks{x,y)m{dy) 
J A, 

exists and is independent of the sequence {Aj)j^-sf^. 
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Proposition 1.2. Assume that (AO), (1.1) and (1.3) hold. Then, 
r^{u,v) = -{Lu,v), u e C*{E), v G C^'^'iB), 

where 

Lu{x) = SPV {u{y) - u{x))ks{x,y)m{dy) + {u{y) - u{x))ka{x,y) m{dy). 

Jy^x Jy+x 

Proof. The condition (1.3) ensures tliat tlie operator L is well defined. According to tlie 
proof of Theorem 1.1, (AO) and (1.1) imply that for any u G C*{E) and V G Co'^iE), 
the form {Lu, v) is also well defined and finite. 

On the other hand, under (AO) and (1.1), Theorem 1.1 shows that 

r]{u, v) = ^ lim S'j{u, v) + [ [ {u{x) - u{y))v{y)ka{x, y) m{dx) m{dy), 

^ J Jy^x 

with 

(oji^u, v) = JJ {u{x) — u{y)){v{x) — v{y)) m{dx) m{dy) 

and where {Aj)j^^ is an increasing sequence of relatively compact and symmetric sets 
such that IJjgiN Aj = E X E \ ^. Since ks{x, y) = ks{y, x), 

£'j{u, v) = ^ J J (m(x) - u{y))v{x)ks{x, y) m{dx) m{dy) 
1 

~ 2 



'u[x) — u(y))v{y)ks{x, y) m(dx) m(dy) 
u{y) — u{x))v{y)ks{y, x) m{dx) m{dy) 
'u{x) — u{y))v{y)ks{x, y) m{dx) m{dy) 
u{y) — u{x))v{y)ks{x, y) m{dx) m{dy), 



and the claim follows by the dominated convergence theorem. □ 

To get an expression for the generator associated with the semi-Dirichlet form ?7(u, v), 
we need to characterize the domain C*{E). In the following we assume that E = R" is 
equipped with the Euclidean metric d{x, y) = \x—y\ and Lebesgue measure m{dx) = dx. 

Theorem 1.3. Suppose that 

(1.4) / {lA\y-x\^)ks{x,y)dyeLl^^{dx), 



and 



;i.5) x^ I ks{x,y)dy e L'^{dx)UL^{dx) 

J\y-x\^l 
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// (1.1) and (1.3) hold, then the generator L associated with the semi-Dirichlet form 
ri{u,v) given by (1.2) is of the following form 

(1.6) Lu{x) = SPV {u{y) -u{x))ks{x,y)dy + {u{y) - u{x)) ka{x , y) dy 

J y^x J y^x 

for any u G Cq(R"'), where Cq(R") is the set of twice differentiable functions on R" 
with compact support. 

Proof Step 1: We first claim that Cl{R^) C C*(R"). Note that (1.4) implies (AO). 
For any n ^ 1 and any increasing sequence of relatively compact and symmetric sets 
{AjljgjN such that [J^.gj^Aj = R" x R" \ A, we find, by the Taylor formula and (AO), 
that for any j ^ 1 and x G R", 



{{x,y)eAj} 



{u{x) - u{y))ks{x,y) dy 



[ (ilW^Moolx-yl'') A {2\\um)ks{x,y)dy 

J{{x,y)eA,} ' J 

1 A |x - yY\k,[x,y) dy 



{(x,y)(iA,} 



< 2 IImIU V llV^nl 



)/(lA|.-.P)M.,.)<<.<0O. 



where in the first inequality we have used the fact that 

(Vu(x), X - y)ks{x, y) dy = 0. 

'{{x,y)€Aj} 

On the other hand, by the same reasoning as above, for any 1 ^ j ^ m < oo, 



{{x,y)eArr,\Aj} 

^ 2 (||n||oo V ||V^n||oo) 



{u{x) - u{y))ks{x,y) dy 



{{x,y)GA,n\Aj} 



1 A |x - y\^)ks{x,y) dy 



> 0. 



Thus, the limit limj^oo J^(^^ y^^j^ -^ (m(x) — u{y)^ks{x,y) dy exists. Furthermore, it is also 
easy to see from the arguments above that the limit is independent of the sequence 
{Aj}j(z-^. Therefore, for any u G Cq(R"), SPV/^_^^ {u{y) — u{x))ks{x,y) dy exists. 

Step 2: The semi-Dirichlet form (77, ^°) is a coercive closed form in the sense of Ma- 
Rockner, cf. [6, Chapter I, Definition 2.4, page 16]. Then, by [6, Chapter I, Proposition 
2.16, page 23], {L,D{L)) is the generator of the form (77,^°), where D{L) = {u G 
^^\v H- r]{u,v) is continuous with respect to || ■ on ^^}. According to Proposition 
1.2, under (1.1), (1.3) and (1.4), the operator L is of the form (1.6) on the set C*(R") fl 
D{L). Therefore, it suffices to check that C^iW") C (7*(R") nD{L). Because of Step 
1, we only need to verify that the operator L maps Co(R"') into L^(R"). 
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Let 4 = SPV/^^^ {u{y) - u{x))k,{x,y) dy and = /^_^^ {u{y) - u{x))ka{x,y) dy. 
By the Cauchy-Schwarz inequality, 



x\\L^(dx) 



{u{y) -u{x))ka{x,y)dy] dx 



{u{y) - u{x))^/ks{x,y) ^^!f,'^\ dy \ dx 

\/ks[x,y) J 

kl{.x,y) 



sup 



{u{y) - u{x)Yks{x,y) dy] 



xeU" J {ks{x,y)^0} ks{x,y) 



dy 



J \ J {k,{x,y)ytO} ks{x,y) 

(m, u) < oo, 



dy dx 



where \(S'{u, u) is the symmetric part of //(n, u) given by (1.2). On the other hand, for 
any r > 0, it holds that 



\Ix\\l2^dx) ^ UB2r{0){x)Ix\\h{dx) + l|lB§,(0)(a;)/x||i2(d^). 



First, 



I|li?2r-(0)(a;)4|li2(^^) 



SPV / [u{y) - u{x))ks{x,y)dy\ dx 



^ 2 (||n||oo V llV'nIU) (^j (^lA\x-y\^ys{x,y)dy^ dx < oo. 

In the first inequality we have used again the fact that 

/ {Vu{x),x - y)ks{x,y) dy = 

J{{x,y)eA} 

for any relatively compact and symmetric set A C x R," \ A, and the last inequality 
follows from (1.4). Pick r > 1 large enough such that suppn C -8^(0). We get that 



(dx) 



/ ( SPV / {u{y) - u{x))ks{x,y) dy) dx 

J\x\^2r \ J J 



u{y)k,{x,y)dy] dx 



u{y)ks{x,y) dy] dx 



^ u 



\x\^2r \J\y\^r 
2 



'^Br{o){y)ks{x,y)dy \ dx. 



x—y\>r 



li X ^ I ks{x,y) dy € L?{dx), then we have \\'^B^^{o){.x)Ix\\'i2(^dx) < 
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If x I— 7- / ks{x, y) dy G L°^{dx), then, by the Cauchy-Schwarz inequahty, 

2 



\U\ 



\u\ 



\x~y\>r 



^Br{o){y)ks{x,y)dy dx 



'^Br{o)iy)ks{x,y) dy 



x—y\>r 

sup / ks{x,y)dy 

x(^U" J \x-y\>r 

sup / ks{x,y)dy 

xeR'^ J\x-y\>r 



ks{x,y) dy j dx 

x—y\>r / 

'^Br{o)iy)ksix,y) dydx 



x—y\>r 



ks{x,y)dydx < oo, 



x—y\>r 



where in the equahty above we have used the symmetry of ks{x,y) dydx, and the last 
inequahty fohows from (AO). This also gives us that ||lB=^(o)(3;)/x||/,2(-rf^.) < oo. The 
required assertion follows from all the conclusions above. □ 



2. The Adjoint of a Levy Type Operator on 

Assume that E = R" is equipped with the Euclidean metric d{x,y) = \x — y\ and 
Lebesgue measure m{dx) = dx as reference measure. If k is symmetric, then ka{x, y) = 
and Proposition 1.2 is identical with [7, Theorem 2.2]. In this case the symmetric 
Cauchy principle value integral in the representation of L can be rewritten as an abso- 
lutely convergent integral if we introduce a regularizing term in the integrand, see (2.7) 
below. This observation enables us to consider the (formal) adjoint of L. 

Let C^(]R") be the space of smooth functions with compact support on R". For 
/ e C^(R"'), define the following Levy type operator 



(2.7) 



Lf{x) = / (^f{x + z) - f{x) - V/(x) ■ j(x, x + z)dz 



+ 



2 ./izi^i 



z [j{x, X + z) — j{x,x — z)) dz ■ V/(x), 



where J^_^^ (l A \z\'^^j{x, x + z) dz < oo and 



\z\ |j(x, X + z) — j{x, X — z) \ dz < oo 



z|s;i 

for all X eMJ". 

We will now present an explicit expression of the (formal) adjoint of the operator L. 
To state our result, we need a few assumptions. As before we write jg and ja for the 
symmetric and antisymmetric parts of j, i.e. 

1 1 

js{x,y) := -{j{x,y) + j{y,x)) and Ja{x,y) := - {j{x,y) - j{y,x)). 

For X, z ^ R", we denote by 

j*{x, z) := |j(x, X + z) — i{x,x — z) \ + |j(x + z,x) — j{x — z,x)\. 
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9 



(HI) j {lA{y-xf)js{x,y)dyeLl^{dx 

(H2) x^ I js{x, y) dy e L'^{dx) U L°°(c/x 

J\y~'x\'^l 

(H3) X I— !■ / \z\j*{x,z)dz^Ll^^{dx)] 

J\z\^l 

(H4) sup [ ^A^iyjL dy < oo- 

xeR- Jj,{x,y)^0 Js{x,y) 



(H5) sup sup 

x&K e>0 



ja{x, y) dy 



< oo for every compact set K G M^" 



Note that (HI) is just (1.4), which imphes (AO). (H2) is (1.5), and (H4) is the same as 
(1.1). The conditions (H3) and (H5) have no direct counterpart in Section 1. It is clear 
that (H3) imphes 

(2.8) x^/ |.iM.,. + .)-,.(.,.-.)|<;..LLW. 

J\z\<:i 

As in the proof of Theorem 1.3, we can easily obtain that under (H1)-(H3) the operator 
L given by (2.7) maps C^(W) into ^^(E"). 

Theorem 2.1. Let L be the operator given by (2.7) and assume that (H1)-(H5) hold. 
Then the formal adjoint L* is for any f G C^(1R") 



L*f{x) = I {fix + z)- fix) - V/(x) ■ Jix + z, x) dz 

(2.9) 

z {iix + z^x) — iix — 2, x)) dz ■ V fix) + fix)Kidx), 



z\<l 



where nidx) is a (signed) Radon measure on R" which is the vague limit of the sequence 
of (signed) measures {4 J^^_^^^^^^jaix,y) dy dx) 

By (HI), (2.8) and (H5), the operator L* given by (2.9) is well defined on C~(R"). 
From the proof of Theorem 1.3, we know that, under (H1)-(H3) and (H5), the operator 
L* maps C^(R") into //^(R"). In particular, if j is symmetric, i.e. jix,y) = jiy,x) for 
all x,y e R", Theorem 2.1 shows that L = L* on C^(R"). That is, L defined by (2.7) 
is a symmetric Levy type operator. For further details we refer to [7, Theorem 2.2] and 
[9, Theorem 1.2]. 

Proof of Theorem 2.1. The proof is divided into four steps. Throughout the proof we 

fix some G C^iW). 

Step 1: For any e > 0, we define 

Lefix) ■■= J (^fix + z) - fix) - V/(x) ■ zl{\^\^i}^jix, x + z)dz 



10 



1 

" 2 

f 

1 

" 2 
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z [j{x, X + z) — j{x,x — z)) dz ■ V/(x) 
f{x + z)- f{x)^j{x, x + z)dz 

z X + z) + j{x,x — z)) dz ■ V/(x). 



es:|2|<l 



Since for every x &W 



we get 



es;U|s;i 



z {j{x, X + z) + j{x, X — z)) dz = 0, 



Lefi 



X] 



f{x + z) - f{x)^j{x, x + z) dz; 



due to (HI), Lef e L2(E"). Consequently, 



{Lef,g)= / g{x) / {f{x + z)-f{x))j{x,x + z)dzdx 

J •J\z\l}e 



= / 9i^) / 
Step 2: We will now show that the limit 



(/(y) - f{x))3{x,y) dydx. 



(2.10) 

exists. Observe that 
{LJ,g) + {f,L, 

/ 9{x) 



Z e— S'O 



{LJ,g) + {f,L,g) 



{f{y) - f{x))j{x,y)dydx 



+ / fix) I {g{y) - gix))j{x,y)dydx 



\y—x\^e 



{f{y) - f{x))g{x) + {g{y) - g{x)) f{x))j{x,y) dx dy 



{f{y) - f{x))g{x) + {g{y) - g{x))f{x)]j,{x,y) dxdy 



\y—x\^e 



fiy) - f{x))g{x) + {g{y) - g{x))f{x)jja{x,y) dxdy 



=: It + II 

If we change x and y in the expression of J^, we get 

{f{y) - f{x))g{y) + {g{y) - g{x))f{y)^j,{x,y) dxdy, 



y—x\'^e 
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which, if added to the original expression for ![, yields that 

= / / {f{y) - fi^)) {9{y) - 9{x))js{x, y) dx dy. 

Because of (HI) we find 

(2.11) /i:=limJ[ = jj^^ (fiy) - f{x)){giy) - gix))Ux,y)dxdy. 

On the other hand, we see as in the proof of Theorem 1.1, that under (HI) and (H4), 
the limit I2 '■= lim£_j.o/2 exists and 

(2.12) l2 = jj {{f{y) - f{x))g{x) + {g{y) - g{x))f{x))3a{x,y)dxdy 
with an absolutely convergent integral. 

Step 3: According to [7, Theorem 2.2], the assumptions (HI) and (H3) imply that 

(2.13) \h = ~{Lf,9), 
where 



Lf{x) := / if\x + z)- f{x) - V/(x) ■ ) j^(x, x + z) dz 

J\z\>0 ^ ' 

+ 7; I z {js{x,x + z) - j,{x,x - z)) dz -Vfix). 

As the same reasoning as above, the proof of Theorem 1.3 shows that, under (HI) — 
(H3), the operator L maps Co~(R") into ^^(R"). 

If we change x and y in the expression of /2, we get because of the antisymmetry of 

^2 = ((/(y) - f{x))g{y) + (giy) - g{x))f{y)^ja{x,y)dxdy 

and if we add this to the original expression for I2 we see 

.^.//j/.)..-/.M.).(...... 

In the same way we find that 



A' = 2 / / (^f{x)g{x) - f{y)g{y)^ja{x, y) dx dy 



\y—x\'^e 



'^11 fix)g{x)ja{x,y)dxdy-2 f{y)g{y)ja{x,y)dxdy 

JJ\y-x\^e JJ\y~x\^e 

2// f{x)g{x)ja{x,y)dxdy + 2 f{x)g{x)ja{x,y)dxdy 

J J\y—x\^e J J\y—x\^e 



4 / f{x)g{x) 



ja{x,y) dy 

\y-x\^e 



dx. 
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Since f,gE C^(R"') are arbitrary and since the limit lim£_>.o /| = I2 exists, we see that 
the hmit 



K = hm 



4 



ja{x,y) dy 

exists in the sense of distributions and defines an element k G (the dual space of 
C^(]R"')), and (H5) shows that k is a distribution of order zero — i.e. ^ Cx||m||oo 

for all continuous functions u with support in the compact set K — , hence a (signed) 
Radon measure. 

Thus, by (H5) again, for all f,g e C^{W), 

(2.14) = i 

Step 4- The formal adjoint L* of the operator L is defined by 

{L*f,9) = {f,Lg). 
Note that under (H1)-(H3), for any / G C^{ir), 

\im\\LJ-Lf\\L2 = 0. 



f{x)g{x) K{dx) := {Lf,g). 



£-5>0 



Therefore, for any f\ge C^iK"), 

1 



(2.15) 



A{f,g) 



lim 

2 e^O 



{Lf,g) + {f,Lg) 



{LJ,g) + {f,L,g) 

Combining (2.10)-(2.15), we have 

g) + {Lf, g) = (/, Lg) + {Lf, g) = 2 (^(L/, g) + (L/, g) ) . 

Therefore, 

L* = 2(L + L) - L 

which is what we have claimed. 

3. Example: Stable-like Processes 



□ 



Let E = W^, and m{dx) = dx be Lebesgue measure on R". Consider the following 
integro- differential operator 



Lu{x) 



wix] 



u{x + z) - u{x) -Vu{x) ■ zl{\;,\<^i}{z)j\z\ " "^^^d^; 

for u G C^(R"). The weight function w{x) is chosen in such a way that 
w{x) = a(x)2"(")^^r((a(x) + n)/2) / (tt''^^T{1 - a{x)/2) 



and so Le^{x) = —\^\°'^^''ei^{x), where e^{x) = e""^, see e.g. [2, Exercise 18.23, page 184]. 
With this norming, L can be written as a pseudo-differential operator —p{x, D) with 
the symbol — j.^l^^'^^ 



Lu{x) 

and this shows that L = ■ 



e^-«|er(^)n(Ocie = -(-A)"(^-)n(x), 
A)"*^^^ is a stable-like operator in the sense of Bass [1]. 
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For r > 0, define 

/3(r) := sup \a{x) — a{y)\. 

\x~y\^r 

Proposition 3.1. Let L = — (— A)"*^"^') and suppose that there exist < ai ^ ^2 < 2 
such that 

a\ ^ a[x) ^ 02 jor all x G R", 

and 

{(3{r)\\ogr\y 



^1+02 



dr < oo. 



(i) The operator {L, C^(R")) generates a regular lower bounded semi-Dirichlet form on 
L^(R") associated with the kernel 

k{x,y) =u7(x)|x-?/r"-"(^). 



(ii) If for all compact sets K C 

w{x) w{x + z) 



sup sup 

x&K e>0 



dz 



^ Ck < OO, 



then the formal adjoint of L is given by 



L*fix) 



/(x + 2)-/(x)-V/(x)-2;l{|,|^i}) 
w{x + z) w{x — z) 



w{x + z) 



dz 



|2|n+a(x+2) 

dz ■ V/(x) + f{x)K{dx). 



-I<1} y |2|n+o(x— 2) 

where n^dx) is a (signed) Radon measure on R" which is the vague limit of the sequence 
of (signed) measures (2 Jj^,^^/^ (^p^ - ^pfer&) dzdx)^^^. 

Proof. We check the conditions of Theorems 1.1 and 2.1. Set 
Then, 

ks{x,y) = + 



ka{x,y) = ^(wix)\x - yr-'^^'^ - wiy)\x - yr-'^^y^y 

From the definition of w{x) it is easy to see that there exist constants Cj > 0,j = 1, 2, 3, 
such that for any x, ?/ G R", 

ci ^ w{x) ^ C2, \w{x) - w{y)\ ^ C3|a(a;) - a{y)\, 

see [3, proof of Proposition 3]. 

(i) Since (AO) is obviously satisfied, we only have to verify (1.1) of Theorem 1.1. We 
have 



sup 



dy ^ sup 



xeU"J\x-y\^l ks{X,y) xm"J\x-y\^l 



k,{x,y) dy 



-1 «1 ^ 
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sup / 

xeR" J\x-y\s:i ks{x, y) 



dy < oc 



kaix, y) = - [{w{x) - w{y))\x - yj-'^-W + w{y)\x -yr{\x- y\~^^"^^ - \x - 



Then 



{w{x) - w{y)f{\x - y|-"-"W)2 



^ c 



|^|n+o(x) 



^ c 



dy 



dr. 



Since 



\x - y\ 



a(x) 



\x — y\ ^\og\x — y\ ^ du, 



we obtain for all |x — y| ^ 1, 

- |a:-yr"(^))' ^ (log|x-i/|"^)'(a(x) -a(^/))'|x-y^'^°^"^''"^^^^• 



Therefore, 



I 



w{y)'^\x — y\ ^"'(\x — y\ — 



X 



^y\<:i w{x)\x - y\-^-o'{x) + w{y)\x - 



dy 



^ c 



^ c 



^ c 



^ c 



(a(a;) -a(i/))^(log|a;-y|"i)^ |a; _ ^|-2{aWva{y)) 



\x — yl" 



(a(a;) - a{y)Y [log 


x-y\ 




X - yl" 



w{x)\x - + w{y)\x - 



dy 



(3'^{\x-y\){log\x-y\ 



i(/3(r)|logr|) 



x-y\ 



dr. 



n+a2 



dy 



and (1.1) follows. 

(ii) Clearly, the conditions (HI) and (H2) are satisfied. From part (i), we know that 
(H4) is also valid. Therefore, by Theorem 2.1 and the assumption, we have to verify 
(H3). For all x G R", 

w{y) 



\x - y\ 



x-y\^l 



WiX) 



dy 
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< / \x — y\\w{x) — w{y)\\x — y\~^~"^'^^ dy 

J \x~y\^l 

+ [ \x-y\ w{x) \\x - -\x- y\-''-''^y^\dy. 

J\x-y\<:i 

With similar arguments as in the proof of part (i) we see that the right hand side of 
the inequahty above is smaller than 



c 



' /3(r)(l + I logri) ^^^J /3(r)|logr| 



r'^'^ \Jo ^'^'^ 



Pick 7 < 1/2 such that a2 ^ 1 + 27 < 2. By the Cauchy-Schwarz inequality, we find 



We close with this section with some comments on related results in [3, 8] and our 
Proposition 3.1. 

Remark 3.2. (i) Assume that for r — )■ 

/3(r) X r'^, (3> 02/2, or (3{r) x r"^/2| \ogr\', e < -3/2. 

Then Proposition 3.1(i) applies and shows that the operator (L,C^(R")) generates 
a regular lower bounded semi-Dirichlet form on L^(1R"). This is, in particular, the 
case if the index function a{x) is locally Lipschitz continuous. Thus, Proposition 3.1 (i) 
improves [3, Proposition 3] where the following assumptions are used: there exist positive 
constants ai, a2, M and 5 such that for x, y & R"", 

< «i ^ a(a;) ^ 0^2 < 2 with a2 < 1 + «i/2 

and 

\a{x) - a{y)\ ^ M\x - y\^ with < -(2a2 - "i) < 5 ^ 1. 

(ii) With essentially the same calculations as in the proof of Proposition 3.1(ii) we 
can see that 

/3{r)\ \ogr\ 







-1+0.2 



dr < 00 



guarantees that 

w{x) w{x + z) 



dz 



|^|n+a(x) |^|n+a(a;+2:) 

exists in the usual sense. This is, for example, the case if there exist positive constants 
ai, ^2, S and M such that 0<ai^a2<l,SE {02, 1], and for all x,y E R", 

tti ^ a{x) ^ a2 and \a{x) — ^ M\x — . 

This shows that Proposition 3.1(ii) covers the conclusion in [8, Remark 4]. 
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